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g(x)g(y) = g(x + y)

�i[]^WX fZt,9H!�&�|l=´-0&-E=>!u$]wx!u#�9v9R$�-09H(�&��
f
M1��(*9:-L@D/�!u|�/�@�+.-L9H!u!>9H(j9±�:�

� d�a�V
��T sW��#
a
I�wx(G9�9R-;M9H!u-	|�&�FE=A-0=AIO--0��!x$'&�(GFE+�9:!>!u=>��9%$'(E� ��5 � &��£��B��=>@�#

F0��� -E!>=u��9,-6�2!
n ∈ N
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n(n + a)
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a = bcd
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c > d
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c− d
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n = b( c−d
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(x2)′ = (x · x)′ =

(
x∑

i=1

x

)′

=
x∑

i=1

(x)′ =
x∑

i=1

1 = x · 1 = x
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f : [0, 1]→ R
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f(0) = f(1)
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x ∈ [0, 1− h]
F0�

f(x) = f(x + h)
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∼

9H(}#9C�1@�9:(E9R-I�9H#
(x, 0) ∼ (x′, 0)

&��
(x, 1) ∼ (x′, 1)

$'&�(
x, x′ ∈ X

�
k�9H&���9R-0(E=uFE+m9H(

ΣX
9H@ � ��!u=>@�#9H(�&�I�9H(�� n]@�9H�	!>=u�

X×I
pZ��9:#MDI�9H(�9:@�#�9x-E(G�O+D+�9:-BFE���	��9:@

-E=>!Z9R-L|�/�@�+.-yn�#�9R-E-E9�9:(�@�9:-E&�|�wx+.IO=uI2��!u9H@�FG(E9:!"�2-E=>&�@�9:@
∼
p6��sW��#

Sn =
{
(x1, . . . , xn+1) ∈ R

n+1|x2
1 + . . . x2

n+1 = 1
}

 �9:-E9H��@989H@�M9H#�FG+O/��!>9:FE+<��!>!u9H@ =
Rn+1 �jC��9H(

ΣSn M�&���9:&���&�(G$v�	9H#
Sn+1 IO="��M&���9:&23

�	&�( �19H@
[(x, t)] 7→ (sin(πt)x, cos(πt))

�Z�1&�(
n = 1

+<��@8����@�-0wx@�+�9|��%�2-,-E& n]-E&��	��9 � p
+D(Ewx���	9H(GMO/FE9�F0�2-�&�I�9:@�|1�{M�=u@1��@�#�9:@i9H(�#�9:-LFE�����	9�FE&�� 9H@l+D/���!>9:FE+<��!��

sW��# @D/
f : X → Y

I2wx(E9¡9:@ +2&�@.-0=>@D/�9:(G-��2$' �=u!>#�@=>@��£��9:!>!>9:� -E&�|�&�!>&���=>FE+298(E/���
tv��=>@�#/ � 9:(E9HFy9H@£+�&�@.-0=u@D/�9H(4-�2$' �=u!>#�@=>@��

Σf : ΣX → ΣY
��=uI�9:-�I�9H#

(Σf) ([(x, t)]) =
[(f(x), t)]

� 	v=�+<��@ &���F0�¡#1��@�@9 @JE �C% O 4 / % / 9 + #*) 9?O ) / Cf
5B#�9:(�9:(�#9C�1@�9:(E9R-%FE&�� +DI�&�-0=u9H@�3

-E(E/��	�	9:-
((X × I)q Y ) /∼

51M.I�&�(,wx+.I�=AI2��!>9:@�FE(G9H!"�<-0=>&�@�9H@
∼
9H(L��=AI�9:-�I�9H#

(x, 0) ∼ f(x)&��
(x, 1) ∼ (x′, 1)

$'&�(
x, x′ ∈ X

��78��@	+2�2@	-0wx@�+�9L|1���2$' �=>!u#�@�=u@���FE+29H��!u9H@FG&�� � �O!u=>@�#�9:(E9:@
X × I

5�M.I�&�(#�9H@ 9:@�9¤9H@�#9¤9H(}+D!"wx �9:-}F0���	��9:@ �	9H#
Y

n'I�=>�
(x, 0) ∼ f(x)

p�&��8M.I�&�(
#9H@ ��@#�9H@ 9H@�#�9�9H({-0(4��+D+29:-%FE���	��9:@ -E=>!*9:-�|�/�@+D-8n]IO="�

(x, 1) ∼ (x′, 1)
p6� 	,=LM���(�9:@

&�|�!"���2- +2&�@.-0=>@D/�9:(G-}�2$' �=>!u#�@�=u@��
g : Y → Cf

��=AI�9:-yI�9:#
g(y) = [y]

5�IO=jFE9:@�#�9:(} �!>&2-
Y

=
Y
3�#�9:!>9:@ �<$

Cf

� 	,=xM1��( #�9HFG/�#�9H@ 9H@ +�&�@.-E=>@D/�9H(4-	�2$' �=u!>#�@�=u@��
h : Cf → ΣX

��=uI�9:-I�9H#
h ([(x, t)]) = [(x, t)]

&��
h([y]) = [(x0, 0)]

5�M.I�&�(
x0 ∈ X

9:(�IO=u!>+<��(E!u=>��n�#�9R- 9:(�!u9:-y�2-�FE9
�<-x#�9R-E-09Q9H( I�9H!u#�9C��@�9H(G9:-:p0��tv9:@�@�9��2$' =>!>#@�=>@���-E(G�O+D+�9H(* !>&�-

Y
3�#�9H!u9H@%�<$

Cf

F0���	�	9H@�-E=>!�9:-
|/�@�+.-N5�M.I�&�(4I�9:#�IO=�|�(0w � =>F*$]��( ΣX

�

���



C�2��!u9:-�M���I�9HF ��!A-0F0��$'&�(�9:@�M.I�9H(B+2&�@.-0=>@D/�9:(G-B�<$' �=>!u#�@�=>@�
f : X → Y

�<$' �=>!u#�@�=>@��FG$'K�!u��9H@´z

X
f
−→ Y

g
−→ Cf

h
−→ ΣX

Σf
−→ ΣY.

nG�2p

K �

��*· ���

	,=��;�2@���!>9:(%FG-0��#�=u� M&�I�9H#�=u@���(G9H#�=u9H@�FG9H@ =� �9:IO=uFE9:-Hz � -lF4-6wx(E+.-�(E9:#�FE+<�� ¥$'(0� ��!>��9H �(E��=>FG+
-E&�|�&�!>&���=o5�@�9:��!u=>�l#�9H@ +2&�@.-0(0�NI2��(G="��@.-09	$'/�@�+.-0&�(

K̃ :
�e&�|

→
¼�@���� « ��MDI2��# FG+<��!j#�9R-E-E9

FE�� �9:-��O#�9�¹� �&�5e�	9H(E9	|�(Ew � =>F4-  �9HF4-6��( K̃
�2$x-E&�#�9:!>92z`�1&�(�#�9R- $'K�(GFG-0925WMDI�9H(}����@���IO= M1��(

9R-m-0&�|�&�!>&���=>FG+l(G/��
X

+D@.�O-G-09:(�IO= 9H@¡(G=>@��
K̃(X)

-0=u!�#�9R-N�W�1&�(�#�9R-���@�#�9R-N5�M.I�9:(y�.�2@��¤I�=
M���(m9H@ +�&�@.-0=u@D/�9H(4-}�2$' =>!>#@�=>@��

f : X → Y
�	9H!u!>9:� -E&l-E&�|ª&�!>&���=uFE+29}(E/�� +O@.�D-E-E9H(�I�= 9:@

(G=>@���M�&��	&���&�(U�
K̃(f) : K̃(X) ← K̃(Y )

-E=>!x#9H@Z� r��£#�=>����(0�2� $'&�(G� FE9:({#�9:-�/�# FE&��
$'K�!>��9:(Hz

(
X

f
−→ Y

)
K̃
7−→

(
K̃(X)

K̃(f)
←− K̃(Y )

)

X�9H��wx(E+�2-
K̃
I�9:@�#�9:(�|�=u!>9:@

f
5�#�9R-E-E9L9:( ��(E/@�#�9H@{-0=u!1�2- $'/�@+D-E&�(E9:@�+<��!u#�9HF�#*; / � �U@HI2��(E=>��@.-N�

�1&�(x9:@i��&�#;&�(E#�9:@�F*FE+.�O!>#iFG+2�2!Z#�9:-x!>=>��9, �9H��wx(E+�9:F��2-*#�9�(G=>@���9QIO=ZM�9:(* ª9R-0(0�2��-09:(x=>+D+�9
@K�#I�9H@�#=>��IO=>F;M1��(;9R-¤9H@M�9H#�FG9H!u9H�	9H@.- n�=Q��&O#�F0wj-E@�=>@�£-0=u!Q#9C�1@�=A-0=u&�@�9H@ |1� 78�2-E9H���2-0=u+
�<)vs�p6�Zt,9	9:(�#�&��l��!u!>9 +2&��	�}/-6�<-0=uI�9��ªtv9{9H��9:@�FE+<�� �9H(m&��

K̃
IO= FE+<��!� �(E/���99H(mF0���	!>9R-v=

$'K�!>��9:@�#�9�F0wj-E@�=>@��51M.I�=uF� ª9RI�=uF*$±� 9:+OF:�1+<��@V��@�#�9HFL= � ½ ��z
��� Y�^e[]^ea

\��
�&)C� � / 4�) + ) / #*; / � �J@?B$@?�"% @ / �NE 0F/ # �3;*�

K̃ :
�1;>=
→ � / 9 , )54 E5GIO 98) / 4�)) 98) /�+ #$@��<)C� 

� ��� ;*��) / #*; / � % /10 )C�>�L@JE �C% O 4 / % / 9
f : X → Y

9*%'B*)C�H@JE �C% O 4 / % / 9 + E5GIO 98) / � � � ) / E5GIO 98)H@JE�>% / 98)�;<9 �>% / 9*6F; , ; , ;*� �T)C� 
K̃(X)

K̃(f)
←− K̃(Y )

K̃(g)
←− K̃(Cf)

K̃(h)
←− K̃(ΣX)

K̃(Σf)
←− K̃(ΣY ).

�&) /1/ )�E5GIO 98)R)C�R)C# + @?# � D�4?B + �W@A��= - ) / 9*%'B*) / = O @84 + % E5GIO 98) / )C� �C% O'O )54�)K� EC;*� 4�) /% / 4 9 - ) / 4�)H6F; , ; , ;*� � OP%M9 #*)C� / ) / EC;*�&4�) / 0 4 9 - ) / 4�)76F; , ; , ;*� � �
� ��� ;*� 68B*)C�>�

k ∈ N
� / 4�) + ) / �>% / 9*6F; , ; , ;*� �

Ψk : K̃(X) −→ K̃(X)
D +C- 48@ / @A�N4�)C�EC;*�

k, l ∈ N
98S O 4�)C�

Ψk ◦Ψl = Ψl ◦ Ψk ����% +<+ )�@JE �C% O 4 / % / 98)C�&)C� / @A� 0 �>OP%M98)  � ;*��) /#*; / � % /10 )C�>� @JE �C% O 4 / % / 9
f : X → Y

6I@?B*) + )K�L#*; ,Y,Y0 �3@A� %'B � 4?% @ 9*�U@ , 

K̃(X)

Ψk

��

K̃(Y )

Ψk

��

K̃(f)
oo

K̃(X) K̃(Y )
K̃(f)
oo

4?B + � B(% 6I@?�
Ψk ◦ K̃(f) = K̃(f) ◦Ψk �

� � � B(% + n ∈ N
)C� 0 OP%M98)>D +C- 98S O 4�)C�

K̃(Sn) = 0
� � B(% + n ∈ N

)C�YOP%M98)>D +C- )C�
K̃(Sn)% + ; , ;*� E , )54

Z
+ ; , @��<)KO + # 9*� 0 =8= )>DW;<9RB(% �<)K�3) 9 / )C��) / E<�J) , �C�"% / 98)C� , )54

βn � +C-)K� 68B*)C�>�T)KO ) , ) / � #$@ /R+ #(�"%'B*) + + ; , xβn

EC;*�
x ∈ Z

� ���&) )C�74�;<9 %'#(#*)H% + ; , ;*� EC) + ; ,�>% / 98)>D 4�)C� 98S O 4�)C� / ) , OP%M9
β2

n = 0
� � E �C% O 4 / % / 98)C� / )

Ψk )C� �<) + �3) , � B*)54YEC;*� , O ) /
Ψk(βn) = kn/2βn

�

���



� ���&)C� � / 4�) + ) / OP% / )<ST� @JE �C% O 4 / % / 9
λ2 : K̃(X) −→ K̃(X) +C- 48@ / @A�

Ψ2(x) = x2 −

2λ2(x)
EC;*�

x ∈ K̃(X)
�

� · ��� �H³����� �k�³ 
 ���`·��i¸:��� ��


sW��# =#�9R-�$'K�!u��9H@�#9
n ∈ N

5
n > 1

52&��v ª9R-0(E����-�9:@}+�&�@D-E=>@D/�9:(G- �2$' �=u!>#�@=>@��
f : S2n−1 → Sn �)L$' �=>!u#�@�=u@���FG$'K�!>��9:@;$'&�(*#�9:@�@�9m �!>=AI�9:(Hz

S2n−1 f
−→ Sn g

−→ Cf
h
−→ S2n Σf

−→ Sn+1,

=u#�9:-BIO=1MD/�FE+29H(j�2-
ΣSm 9:(BM�&��	9H&��	&�(G$��	9H#

Sm+1 �.~�$'K�!u��9LCwj-E@�=>@���
m#�9H!W�L&��m#�9H!�
m��=uI�9H(#9:-E-E9m9H@l9H+DF0��+.-L$'K�!>��9m�2$�(G=>@���9�&��{(E=>@��M�&��	&��	&�(U�19:(Hz
0 = K̃(S2n−1)

K̃(f)
←− K̃(Sn)

K̃(g)
←− K̃(Cf)

K̃(h)
←− K̃(S2n)

K̃(Σf)
←− K̃(Sn+1).

�BT��	�£V [
�

 % 6I@?�

K̃(Σf) = 0
�


 )CB(% + �QgLIO=uF n+1
9:(�/�!u=>��9 9H(�#�9:-G-09x+D!"�2(G-�#��

K̃(Sn+1) = 0
��)Q@.-6���v@D/{�2-

n+1
9:(�!>=u��9�� 	,=

M���(�F0�L�2-W 1��#9
K̃(S2n)

&��
K̃(Sn+1)

9H(W=uFE&��	&�(G$'9���9:#
Z
FE&�� �� ª9:!>FG+�9B��(E/|�|ª9:(H5H$'(G9H�} (0����-

�<$M�M.I��
β2n

&��
βn+1

�Ntv9:(G$'&�( �1@#�9HF
x ∈ Z

F0�
K̃(Σf)(βn+1) = xβ2n

�Nse�2#�@D/
k ∈ N

5
k > 1I2wx(G9vI�=u!>+<��(G!>=>��D��(E�Cwj-E@�=>@��{
}#9H!W�yI�9H#¤IO=��2-*#�9:(x�.wx!u#�9H(

Ψk ◦ K̃(Σf) = K̃(Σf) ◦Ψk �)Q@.I�9H@#�9HFQ#�9:-G-09�|1�
βn+1

$]��F

Ψk
(
K̃(Σf) (βn+1)

)
= Ψk (xβ2n) = xΨk(β2n) = xknβ2n,

K̃(Σf)
(
Ψk (βn+1)

)
= K̃(Σf)

(
k

n+1

2 βn+1

)
= xk

n+1

2 β2n

=u#�9:-
Ψk &��

K̃(Σf)
9:(v(E=u@���M�&���&��	&�( �19H(:�1t��%#�=>FGFE9 -E&%/�#-E(G�O+�FG+<��!�F4-09H�	�	9 &�I�9:(E9H@F�&��

K̃(S2n) ∼= Z
$]�2F

xkn = xk
n+1

2

�ªtv9H(G��9:# 9H(
x = 0

#��
k, n > 1

5ªFE�
K̃(Σf)(βn+1) = 0

�
~�#9:-

βn+1
$'(E9:�} �(E=u@���9:(

K̃(Sn+1)
9:(�!>9H�	����9:-j ª9RI�=uFG-H�

C�+D(G=uI�9:F
ϕ = K̃(g)

&��
σ = K̃(h)

$]��FL��!u-EF0�}9:@�9:+OFE��+.-Q$'K�!>��92z

0←− K̃(Sn)
ϕ
←− K̃(Cf)

σ
←− K̃(S2n)←−0.

n��.p

	,=BFE9H(y�2-
ϕ
9H(mFE/�(��G9H+.-0=AI�5eFE��M.IO=>F

n
9H(m9:-y!>=u��9 -6�2! +2�2@£IO=�I2wx!>��9

a ∈ K̃(Cf)
F0��#1�2@ �2-

ϕ(a) = βn

�ªgLIO=>F
n
9H(Q/�!>=u��9mF0wj-G-09HF, �!>&�-

a = 0
=
K̃(Cf)

�ªt,9C�1@�9:(v#�9:FE/�#�9:@
b = σ(β2n)

5
#��

σ
9H(m=>@��G9H+.-0=AI8FE9:F

b 6= 0
� 	v=�$]��(�!u9:-

ϕ(a2) = 0
n�MD/�FG+¡�2-

β2
n = 0

$'&�(
n
!u=>��9�p65ZFE�¤#1�

$'K�!>��9:@ n��.px9:(v9H+DF0�2+D- �1@�#�9:Fv9:-
h ∈ Z

�	9H#
a2 = hb

�´gLIO=>F
n
9H(Q!>=u��9m9H(QI2��!u��9:-,�2$

a
=u+O+29

9:@.-���#=>��-H�178��@i+<��@i#�&��}IO=>FG9{n�(G9H@l��!>��9H �(E�5|�(GK�I%FE9:!uI �qp��2-
b2 = 0

&��
ab = 0

5�M.I�&�(E�2$�#9:-
$'K�!>��9:(*�2-�I2wx(E#�=u9H@l�2$

h
9H(*I�9:!>#�9>�1@�9:(E9:-H�

�`��!>!u9:-
h
+2�2!>#�9:F ��;>= E % / B$@?�"% @ / �3) / �2$

f
� 	v=ZIO=>FG9H(�@D/���(4-0=u+O!u9H@�FjM�&�I�9H#(E9HFG/�!u-0�2-Nz

��� Y�^e[]^ea Z
�
�WB(% + �H;>= E % / B$@?�"% @ / �3) / h

)C� 0 OP%M98)>D +C- 98S O 4�)C�
n = 2, 4
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8
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 )CB(% + �QgLIO=uF n
9H({/�!u=>��9¤9:(

a = 0
5 &�� #�9:(E�	9H# 9:(

h = 0
� sW��# #�9H(4$'&�(

n = 2m
I2wx(E9

!u=>��92��t��$'K�!>��9H@£n��Dp�9H(�9:+OFE��+.-v+<��@lI�=�FG+D(E=uI�9 9R-0M.I�9:(G-v9:!>9:��9:@D-L=
K̃(Cf)

FG&��
xa + yb

$'&�(
9:@.-���#=>��-� �9HF4-09:� -09

x, y ∈ Z
�´��&�(

k ∈ N
$]��F

ϕ
(
Ψk (a)

)
= Ψk(βn) = kmβn

5�#�9H(W�1@�#�9:F
#9H(E�	9H#

qk ∈ Z
�	9H#

Ψk(a) = kma + qkb
��t,9HFE/#�9H@ FG9HF;�2-

Ψk(b) = knb
��C�+D(E=AI @D/

λ2(a) = xa + yb
��1(0�}Cwj-0@�=u@��{
 #�9:!´�}I�9H#¤IO=Z�2-

Ψ2(a) = a2− 2λ2(a)
5M.I�&�(0�2$WIO=´FG9H(��2-

2ma + q2b = −2xa + (h− 2y)b
��t,9H(G$'&�(L9:(

q2 = h− 2y
/�!u=>��92�

	,=�M1��(�#�9HFG/�#�9:@
Ψ2 ◦Ψk = Ψk ◦Ψ2 �1),@.I�9:@�#�9HFQ#�9:-G-09m|1� a

$]�2FHz

Ψ2
(
Ψk (a)

)
= Ψ2 (kma + qkb) = km(2ma + q2b) + qk2

nb,

Ψk
(
Ψ2 (a)

)
= Ψk (2ma + q2b) = 2m(kma + qkb) + q2k

nb.
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n = 2m
p6z

km(km − 1)q2 = 2m(2m − 1)qk.
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2m 9H(9:@ #=uIO=>FG&�(}=jMK<�G(E9:FE=>#9H@ &��  1��#�9
km &��
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m ≥ 3
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52m−3

≡ 1 + 2m−1 (mod 2m)
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52m−2

=
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52m−3
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≡
(
1 + 2m−1
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= 1 + 2m + 22m−2 ≡ 1 (mod 2m),
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n = dimA
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n = 1
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n > 1
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f : Sn−1 × Sn−1 → Sn−1 5 f(x, y) = x·y
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0 ≤ t ≤ 1

5
&��

x, y ∈ Sn−1 ��9:# (a1, . . . , an) = sin
(

πt
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x
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f(x,−y) =
f(−x, y) = −f(x, y)
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